Engineering Analysis with Boundary Elements 150 (2023) 7-19

ELSEVIER

Contents lists available at ScienceDirect
Engineering Analysis with Boundary Elements

journal homepage: www.elsevier.com/locate/enganabound

Check for

Dual interpolation boundary face method for 3-D acoustic problems based [%&s

on binary tree grids

Rongxiong Xiao *, Jianming Zhang® ", Pengfei Chai”, Chuanming Ju ", WeiCheng Lin?, Rui He "

2 State Key Laboratory of Advanced Design and Manufacturing for Vehicle Body, College of Mechanical and Vehicle Engineering, Hunan University, Changsha 410082,

China
b School of Engineering and Materials Science, Yantai University, Yantai 264005, China

ARTICLE INFO ABSTRACT

Keywords:

DiBFM

Discontinuous grids
Meshless method
Burton-miller formulation

A dual interpolation boundary face method (DiBFM) based on binary tree grids is presented to solve 3-D acoustic
problems in this paper. The boundary element method (BEM) is widely used to solve acoustic problems for its
advantage of only discretizing boundaries and satisfying Sommerfeld radiation condition. Combining boundary
integral equations with computer graphics, the boundary face method (BFM) is the enrichment of the BEM and is

able to avoid the geometric errors between CAD and CAE models. By adding virtual nodes on the vertices and
edges of tradition discontinuous elements, the dual interpolation elements are introduced and have higher
interpolation accuracy. What’s more, since there is no need for grids continuity, the binary tree grids can be
applied to the implementation of the DiBFM, and have the ability to make mesh generation more automatic and
easier. The Burton-Miller formulation is employed to remove the non-uniqueness issue. Several numerical ex-
amples are given to demonstrate the practicability and superiority of the proposed method.

1. Introduction

The boundary element method (BEM) as a numerical method has
developed rapidly in recent decades. Since it has attractive character-
istics of dimensionality reduction and high accuracy, the BEM has been
used to various fields such as elasticity problems [1], contact problems
[2], potential problems [3], acoustic problems [4]. Especially, the
Sommerfeld radiation condition can be satisfied automatically at in-
finity in the boundary integral equation (BIE), thus the BEM is more
suitable to handle infinite domain problems than the finite element
method (FEM).

However, when applying the BEM based on the conventional
boundary integral equation (CBIE) to solve the exterior Helmholtz
equation, there will be non-uniqueness of solutions at certain fre-
quencies [5]. This is a purely mathematical problem without any actual
physical meaning. Two main approaches have been proposed to over-
come this phenomenon, one is the combined Helmholtz integral equa-
tion formulation (CHIEF) [6] which adds internal integral points and
then uses the least square method to solve the overdetermined equa-
tions. When dealing with complex structures or high-frequency prob-
lems, the CHIEF is not applicable because it is difficult to select the
number and location of configuration points. The other more popular

remedy to this problem is the Burton-Miller method [7]. Coupling the
hypersingular boundary integral equation (HBIE) obtained by taking the
normal derivative of the CBIE with the CBIE, the Burton-Miller formu-
lation can yield unique solutions at all frequencies, and the hyper-
singular integrals are also introduced at the same time. The accurate
calculation of singular integrals has always been a hotspot and difficulty
in the study of the BEM, and there are also many mature processing
methods, for instance, local coordinate approximate expansion [8],
regularization [9], radial integration [10].

In addition, whether in the BEM or the FEM, the CAD and the CAE
model are often independent of each other which will cause geometric
errors. The boundary face method (BFM) [11-12] uses the boundary
representation data of CAD solid modeling, the interpolation of inte-
gration and physical variables are both performed in the parameter
space of the surface, CAE model agrees with CAD model. The dual
interpolation element includes the source points located inside the
element and the virtual points placed on the vertices and edges of the
element. The advantage of the dual interpolation elements is that they
can achieve high accuracy without increasing the calculation scale, and
can unify the conforming and nonconforming elements. The DiBFM
[13-14] is introduced by applying the dual interpolation element to the
BFM. Two layer interpolations are implemented in the DiBFM. The
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Fig. 1. The node layout of dual interpolation element.

first-layer interpolation is to use the Lagrange polynomials to approxi-
mate the physical quantities. The other is to condense the degree of
freedom of virtual points. Moreover, the DiBFM makes full use of the
property that the trail function of BIE does not need to be continuous,
the boundaries can be discretized with the discontinuous grids. How-
ever, the main mesh generation algorithms of surface, such as, the
Delaunay triangulation, advancing front method (AFM), only can
generate continuous grids. The binary tree grids obtained by the binary
tree subdivision method [15] include continuous and discontinuous
grids, which greatly alleviates the task of mesh generation.

In this paper, the Hermite-type moving-least-squares (HMLS)
approximation [16-17] is used as the second-layer interpolation in the
DiBFM. Unlike the moving-least-squares (MLS) approximation [18], in
the HMLS interpolation, the shape functions are directly established on
the Cartesian coordinates without the parametric coordinates of the
curve, and the influence domain can include multiple surfaces.

Section 2 introduces the dual interpolation method using binary tree
grids. The DiBFM for 3-D acoustic problem is demonstrated in Section 3.
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Numerical examples are given in Section 4. Section 5 drafts the
conclusions.

2. Dual interpolation method using binary tree grids

Based on the dual interpolation elements, the element interpolation
and meshless function approximation are applied to the implementation
of the dual interpolation method. As shown in Fig. 1, the dual interpo-
lation elements include source and virtual nodes.

Taking a flange as an example, its binary tree grids are presented in
Fig. 2. Since the discontinue grids are introduced, the grid density
control is more flexible and free, and the size difference between adja-
cent grids can be twice. For the mesh generation algorithm, please refer
to [15].

2.1. First-layer interpolation

Lagrange polynomials are used in this interpolation. The contribu-
tions of all nodes in a dual interpolation element are taken into account.
For acoustic problems, the boundary variables are the sound pressure ¢
and sound fluxq, and the forms of the first-layer interpolation are given
as below:

pEem =S NEHQ) + SN, né(2)). &)
i=1 J=1

aen) = SN Ena(@) + S MEna(Q). @
i=1 Jj=1

where & and n represent the parameter space coordinates, n; and n;
denote the number of source and virtual nodes, respectively. ¢(Q,),
q(Q,), and N;(&,n) are the sound pressure, sound flux, and shape func-
tion, respectively.

2.2. Second-layer interpolation

To build the relationship between source and virtual nodes as shown
in Fig. 3, the meshless method with HMLS approximation is introduced
in this interpolation, and its forms are given below [14]:

L

L
$(Q) =D ey B(Q) + D S )a(C), ®)
K=1

K=1
L

q(Q}) =

K=1

L
PR B (Q) + Y dE 2 )G Q) 4
K=1

where L are the number of source nodes close to the virtual noder‘f e

Fig. 2. Binary tree grids of flange.
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Fig. 3. Implementation diagram of the Second-layer interpolation.

Fig. 4. The acoustic medium E, bodyQand its boundaryT.

y",2")andn"represent the Cartesian coordinates and the outward normal,
respectively. ¢¥(x",y",2"),di (x,y", 2", "), p% (x*,y*,2"), and p¢ (x”,y",
2¥ n") represent the shape functions of HMLS approximation and their
forms are given below:

(Y2 = pf(x‘}y",z")C’Tu (anyj,z;)w,(xv,y",z”), (5)
Py = oy 2 CTP (0, v g ) wi (Y 2), (©)
P (', 2) = oy (6,3, 2 n ) C R (3, v 2 ) w5, 2), @

(30,37, 2) = B, 21 )C P (5 v 2 Wi (30,97, 2), ®
where

C =P/WP, +P/WP,, 9
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%1 0 0
w= |0 0 (10)
0O 0 Wi

Pl =[p,(xi,y1,21) Pu(x2,2,22) P (Xar, Yar 2u) ) an

PZ = [p,(xi,y1,2,m) Py (x2,¥2,22,m2) P, o, s s m) ], (12)

where p, and py indicate the basis vectors for sound pressure ¢ and
sound flux g, respectively. wi(x",y",2") represents the weight function.

3. DiBFM for 3-D acoustic problems
3.1. Basic equations in acoustics

Consider an acoustic problem with homogeneous medium as shown
in Fig. 4, the Helmholtz equation and BCs are given as [19]:

V4 kP =0,VxcE
p=pVxeT)p
_9

qf—:_:iwpv,,,Vxel"Nv
on

¢ =2Zv,,Vx €Ir

13)

where E is the acoustic medium, © and I are the body and its boundary.
I'p,['y and I'g denote the Dirichlet, Neumann and Robin boundaries,
respectively. i is the imaginary unit, n represents the unit normal. p,®, v,
and k denote the mass density, circular frequency, normal velocity and
wave number, respectively. Z is the impedance.

The CBIE for acoustic problems is given [20]:

c(P)p(P) = / G(P. 0)q(Q)dr(Q) - / F(P,Q)$(Q)T(Q) + ¢'(P),  (14)

where P is the source point and Q denotes the field point, c(P) is the
constant coefficient related to the boundary situation at point P. ¢'(P)
represents the incident wave for scattering problems. G(P, Q) and F(P, Q)
are the kernel functions, for 3-D acoustic problems, they have the forms
as follows

G(P,Q) = ﬁe‘*', (15)
oG(P, 1 .
F(P.0) = "0 = L ik D), ae)

where r represents the distance between P and Q, and r, j = dr/0Q; = (P;
— Qp/r, j =1, 2, 3, nj is the component of normal n.

3.2. Burton-Miller formulation

It’s well known that there is the fictitious eigenfrequency problem
[5] when applying the CBIE method to solve exterior acoustics prob-
lems. An effective approach to solve this problem is to use the
Burton-Miller formulation which coupling the CBIE with its normal
derivative. Taking the derivative of the CBIE with respect to the normal
at the source point P, the hypersingular boundary integral equation
(HBIE) can be obtained as below:

HP)q(P) = / K(P.0)q(Q)dr(Q) - / H(P,0)H(Q)r(Q) + ¢'(P),  (17)

where

= LG(P’ Q) = _ (ikr — D)rn;(P)e™, (18)

kP, 0) on(P) 4712
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Fig. 6. (a) a pulsating sphere in an infinite medium E and (b) its binary tree grids with 416 elements.

choice of the coupling constant depends on both the time-dependent
Table 1. . . . . term and the problem type, relevant studies can be found in [21-22].
Comparison of relative error and CPU time between DiBFM and conventional In this paper, p=i/kis taken
BEM. S ’
Since the strongly singular and hypersingular integrals are intro-
DiBFM ) Conventional BEM ) duced in Eq. (17), the effective calculation of these integrals becomes a
Ns Frru Time(s) Ns Brru Time(s) new challenge. Based on the Cauchy principal value and Hadamard
288 1.213E-3 137 288 2.48E-2 82 finite part integrals, regularization [9] and local coordinate approximate
416 7:2508-4 285 416 2.078-2 170 expansion [8] are employed to handle these integrals as follows:
928 2.206E-4 396 928 1.65E-2 227
1344 1.955E-4 803 1344 1.37E-2 456 _ _
[Kkp.onar) = [ &.0) - Fr.0)war@) + [Fr.owar(0)
r r r
gy (2.0 - [ [ w0 -Fr.owias, + [ [Fe.onsdcaz,
) - dn(P) R _ . R _ )
G o ~ [ [ .0 - Fe.0pwspapan+ [ [ Fp.owspapas
:W{(l—’k")”j(Q)'f‘ [k _3(1_lkr)]rvjrvlnl(Q)}nj(P)e s R R
19) = o(1),asp—0, on
Coupling Eq. (14) with Eq. (17), the Burton-Miller formulation can be
written as:
CBIE + BHBIE = 0, (20)

where B is a complex number called the coupling constant, and the

10
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Fig. 7. Comparison of accuracy and efficiency between DiBFM and conventional BEM.
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Fig. 11. (a) A rigid sphere impinged by plane wave and (b) its binary grids with 1632 elements.
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of potential problems in three-dimension, and they have the forms
below:
-1.8 1 o DiBFM |
—4&— BEM F(P,Q) = a2 :(0), 23)
-2.0
H(P,Q) = = [ (P)m(Q) — 3r,m;(P)ram(Q)], (24)
-2.2 4 r
'5] ‘(A\A/‘ A4 "1'"he singular‘integrals in .the Eq. (21) can be handled readily by nu-
LE 24 o merical integration and that in Eq. (22) also can be calculated accurately
5 by introducing the Cauchy principal value and Hadamard finite part
o
L integrals.
2.6 - ) L ]
e °
Y [ 3.3. Discretization
2.8 o
. o Substituting Eq. (1) into the Eq. (20), the discretized equation of
304 oo ® Burton-Miller formulation using dual interpolation elements can be
- written as:
1 1 1 1 1 1
0 2 4 6 8 10 nj
wavenumber ; {; 1 (P¢(Qen) FZ] h (Pk)(ﬁ(QW))}
25
Fig. 13. The relative errors of sound pressure amplitude at boundary points. ni (25)
_Z ng: Pk _,’_ng» Pk ( ) +bl(PA)
/ H(P,Q)N"dT(Q) — / (H(P, Q) +H(P, 0))NdT(Q / H(P,Q)N“dI'(Q)
r in which
(P, +H P, NJd¢,d. / / H(P,Q)N“Jd¢{,d
// Q) + H(P, Q)NJdE,dE, - QN“Jd,dz; ﬂ oir.0) .
W (Py) = n(0) N, (Q)dl(Q) + B WNAU)(Q)W(Q)
/ / (P, Q) + H(P,Q))N“Jpdpd6 — / / H(P, Q)N“Jpdpdd r”l e
+ 3% (26)
= o(p ) +o(p™") +o(1),asp—0,
(22) , dG(P, 0G2 '
R (Py) = 6V(l(Q)Q) N, (Q)dI'(Q) +ﬂ/ )N;(/)(Q)dl"(Q),
where (£1,(2) and (p, 6) are the intrinsic and polar coordinates as shown Fe @7

in Fig. 5, respectively. J is the jacobian of transformation between the
Cartesian and intrinsic coordinates, N* represents the shape function at
the ainterpolation point. F (P, Q) and H(P,Q)denote the kernel functions

13
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0G(P,Q), . 1

(e = [ 6.0, @) - p| [ “5 5PN, @) - 3t |

(28)
e = [ 6r.om @@+ [ 255D o). e
b'(Pe) = ¢'(P) + Bq' (Po), (30)

and

(31)

s — 1, ifPyisthei"™ source nodein e element
@) 0 ,

where Py represents k™ source point (k = 1, 2, ..., ns). ns, nedenote the
number of total sources points and elements, ni, nj represent the number
of the source and virtual points in an element, respectively. The super-
script “s” and “v” indicate the source and virtual point, respectively. In
matrix form, Eq. (25) can be written in following:

Hu=Gq + b, (32)

14

where u and q are the vectors of sound pressure and sound flux,
respectively. H and G denote the coefficient matrices and b is the right
vector obtained by incident wave in scattering problem.

3.4. Assembly and solution

Considering the source and virtual points separately in Eq. (32):

5§ SV u.v _ s sV ql‘ '
where
uw=u + ﬁ"7 (34)
q¢=q+q, (35)

where the superscript ‘— * and “ indicate the specified and unknown
quantities, respectively. Applying Egs. (3-4), we obtain:
ﬁV — Q;;us + ¢VS qI7

uq

(36)
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(b)

q =0+ D g,

Vs
where @}, Q>

Section 2.2.
Substituting Eqs. (33-37) into Eq. (32), we have:

HA‘u_Y — GIqI + l_)V7
where
H =H"+H"®, - G "D,
G'=G" +G"0, —-H"D,
b’ = —H"W + G.qu 4 bl,
Applying the BCs, Eq. (38) yields:
=S =
AR @ @ T e
a q
With relocation, we have:
Ax =b,

where

A={H és},x={gs},bzéxﬁ“—l—bv—ﬁsl_l‘—l—bl,

Pressure real

1.25
1

-1.78

37)

@7, @y, and @, represent the shape functions defined in

(38)

(39

(40)

(41

(42)

(43)

(44)

(a)

15
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Fig. 16. Contours of (a) amplitude, (b) real part and (c) imaginary part of sound pressure.

in which A is the system matrix, x is the vector of unknown variables
only at the source nodes, and b is the known vector containing contri-
butions from boundary conditions.

The scale of Eq. (43) is the same as that of conventional BEM,
however, the proposed method can obtain better accuracy and efficiency
by imposing the boundary conditions more precisely and increasing the
interpolation precision.

4. Numerical examples

Three numerical examples are presented to illustrate the superiority
of the proposed method in this section. The two typical examples in
acoustic problem, radiation and scattering problems of unit sphere are
presented to show its accuracy and efficiency. The last example is given
to demonstrate its capacity to handle complex model. Analytical or
commercial software solutions are compared with the solutions ob-
tained by the DiBFM. The relative error is defined below:

(45)

error = ————— [W(E) - w@] ’
|W(e) ‘ i i ’

max i=1

where |w®|ay represents the maximum value of sound pressure among
L sample points, wl(e) and wg") are the reference and numerical results,
respectively. Symbols Err_u indicate the relative error of sound pressure
amplitude ¢ and Time the total CPU time, and NS represents the number
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of source nodes.

4.1. Radiation from a pulsating sphere

In the pulsating sphere problem, a=1 m is the radius and vo = 1m/s is
the constant radial velocity which is prescribed over the surface of
sphere as shown in Fig. 6(a). The analytical solution of sound pressure at
a given point of radius r can be obtained by [23]:

i .
_ pevo(ika) a k=)

ika—1 r¢ “6)

#(r. k)
where k is the wavenumber, p and c denote the mass density and speed of
sound, respectively.

In this case, p = 1.29kg/m> and ¢ = 340m/s are used, and the
boundaries are discretized with 416 constant elements as shown in Fig. 6
(b).

Considering a point located on the sphere, the relative errors of

16

sound pressure amplitude and CPU time are presented in Table 1.

Examining Table 1 and Fig. 7 reveals that the DiBFM can achieve
higher accuracy than Tradition BEM when using the same number of
source nodes, and takes less time than Tradition BEM at the same error
level.

Fig. 8 shows the distribution of sound pressure in a square area ob-
tained by DiBFM, the sound pressure at any point is only related to the
polar diameter, which is consistent with the law of radiation from the
pulsating sphere.

To verify the validity of the DiBFM with Burton-Miller formulation
for radiation problems, the boundary point at (1, 0, 0) and the field point
at (4, 0, 0) are selected as the sample points, and their results of sound
pressure with changing wavenumbers k € (0, 15] are given in Fig. 9 and
10, respectively, Symbols ‘B_R’ and ‘CBIE’ represent the DiBFM using
Burton-Miller formulation and CBIE respectively.

It can be seen from the above figures, the results obtained by the
DiBFM with Burton-Miller formulation agree well with analytical
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Fig. 18. The distributions of sound pressure in radiation problem: (a) DiBFM, (b) commercial software.

Table 2
Relative errors between DiBFM and software in radiation problem.
real part imag part
DiBFM Software Err DiBFM Software Err
Maximum value 11,248.6 11,263.2 0.13% 2442.27 2439.05 0.13%
Minimum value —1620.37 —1619.89 0.03% —9341.41 —9361.24 0.21%
solutions at given wavenumbers, and there is no fictitious eigenfre- - . | .
. Ny_1(ka) — (n+1)j a
quency phenomenon. b,o=-po Y i"(2n+1) ]?w'( )= ( )J"(*])‘( ) BV (kr)P,(cos0),  (48)
=0 nh,”,(ka) — (n + )b, (ka)

4.2. Scattering from a rigid sphere

The scattering problem of the rigid sphere is studied next. As shown
in Fig. 11(a), the rigid sphere with radius a = 1 m is impinged by the
plane wave. The plane wave with unit amplitude propagating alone the
y axis is considered, and the incident sound pressure at a point in the
sound field is given by:

b = o™ 7 47)

where xis the Cartesian coordinates of the field point, ¢g = 1Paand d
(0, 1, O)are the amplitude and direction vector of plane wave,
respectively.

For a rigid sphere impinged by plane wave, the analytic solution of
scattering sound pressure is given as follows [23]:
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where r, 0 are the polar coordinates of the field point, P, denotes the

Legendre function, andjy, hi,l) are the spherical Bessel function and
Hankel function of the first kind, respectively.

In this case, p = 1.29kg/m> and ¢ = 340m/s are also used, and the
boundaries are discretized with 1632 constant elements as shown in
Fig. 11 (b).

Taking the points where the sphere intersects the x-y plane as the
sample points and the wavenumber k = 5 is used, the solution of sound
pressure amplitude is given in Fig. 12, and the relative errors of sound
pressure amplitude with changing wavenumbers k € (0, 10] at boundary
points are presented in Fig. 13.

Fig. 12 shows the result obtained by the DiBFM are highly consistent
with analytical solution, and Fig. 13 reveals that the error mainly in-
creases with the increase of wavenumber, and the results obtained by
the DiBFM have less error than that obtained by Tradition BEM.

Also to verify the validity of the DiBFM with Burton-Miller
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Table 3
Relative errors between DiBFM and software in scattering problem.
real part imag part
DiBFM Software Err DiBFM Software Err
Maximum value 1.143789 1.14638 0.23% 1.124748 1.12593 0.10%
Minimum value —1.06487 —1.06685 0.19% —1.53612 —1.52506 0.73%

formulation for scattering problems, the boundary point at (0, —1, 0)
and the field point at (4, 0, 0) are selected as the sample points, and their
results of sound pressure with changing wavenumbers k € (0, 10] are
given in Fig. 14 and 15, respectively.

Figs. 14 and 15 reveal that the solutions obtained by the DiBFM are
in line with analytical solutions at given wavenumbers. Fig. 16 shows
the scattering phenomenon of external sound field .This example illus-
trates the effectiveness of the proposed method for scattering problems.

4.3. Submarine

To demonstrate the ability of the DiBFM to handle complex geome-
try, the submarine is investigated in this case and it is discretized with
3382 elements, as shown in Fig. 17. Since the sound filed medium
changes from air to water, p = 1000kg/m® and ¢ = 1500m/s are used.
The results of commercial software would be selected as reference
solutions.

Considering the radiation problem from the submarine firstly, the
velocity boundary condition v, = 0.01m/sis applied on the hemisphere
face. The distributions of sound pressure at wavenumber k = 3 are given
in Fig. 18, and Table 2 presents the relative error between the DiBFM
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and commercial software.

It can be seen from the Fig. 18 and Table 2, the results obtained by
the DiBFM are almost consistent with that obtained by commercial
software while the style of the legend is different, the relative errors of
maximum and minimum value are less than 0.3%. This example shows
the ability of the DiBFM to solve the radiation problem of complex
model.

Next, the scattering problem that a unit amplitude incident wave

impinged on the submarine from the direction E)(O, 1,0) is taken into
account, the model configurations are same with above case.

The distribution of sound pressure are presents in Fig. 19, the solu-
tions given by the DiBFM are consistent with that obtained by com-
mercial software, Table 3 shows the relative errors of maximum and
minimum value are below 1%, this example shows the ability of the
DiBFM to solve the scattering problem of complex model.

5. Conclusions
Based on the binary tree grids, the DiBFM has been developed to

solve 3-D exterior acoustic problems. The binary tree grids include
continuous and discontinuous grids, which makes mesh generation of
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arbitrary models more automatic. The DiBFM using binary tree grids
makes full use of the property that the trail function of BIE does not need
to be continuous. By implementing the dual interpolation elements in
the DiBFM, the interpolation accuracy gets improved, and there are two
layers of interpolation. The first-layer interpolation is to use Lagrange
polynomials to approximate the physical variables, and the second-layer
interpolation is to eliminate the degree of freedom of the virtual nodes
by meshless method. By using the Burton-Miller formulation, the
problem of non-uniqueness of the solution is eliminated. Numerical
examples for acoustic problems have illustrated that the DiBFM using
binary tree grids is superior to conventional BEM, and has the ability to
solve practical engineering problems.

To solve large-scale engineering problems of acoustic problems, the
fast algorithms such as adaptive cross approximation (ACA) and fast
multipole method (FMM) would be introduced in the future work.
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